We study P − V critical behavior of 4-dimensional AdS black hole in the Einstein-Maxwell gravity with conformal anomaly by treating the cosmological constant as a variable related to the thermodynamic pressure. It shows that there is no phase transition if taking k = 0 or -1. When the charge q 1 of conformal field and the coefficient α satisfy a certain relation, the Van der Waal like phase transition for the spherical black hole can occur in case of the temperature is lower than the small critical temperature or higher than the large one. We also evaluate the critical exponents of the phase transitions and find that the thermodynamic exponents associated with this 4-dimensional AdS black hole coincide with those of the van der Waals fluid.
thermodynamics cannot be consistent with the Smarr relation if there is no a variation of Λ. In the extended phase space, however, the Smarr relation is satisfied in addition to the first law of thermodynamics from the aspect of the scaling arguments [8] - [11] . Moreover, the black hole mass M is identified with enthalpy rather than internal energy once one regards the cosmological constant as thermodynamic pressure in the first law [8] . This analogy becomes more natural recently in the extended phase space. Until now, these critical behaviour of a lot of black hole systems in this extended phase space are under discussion in this direction, which are high dimensional charged black holes [5, 12, 13] , rotating black holes [14] - [17] , Gauss-Bonnet black holes [18] - [21] , f (r) black holes [22] , third-order Lovelock black holes [23, 24] and so on [25] - [36] . It is worth to noting that, in four-dimensional Born-Infeld AdS black holes [27] , the impact of the nonlinearity can bring the new phenomenon of reentrant phase transition which was observed in rotating AdS holes [15, 17] , while this reentrant phase transition does not occur for higher dimensional Born-Infeld AdS black holes [28] .
As we known, conformal anomaly, an important concept with a long history [37] - [39] , has various applications in quantum field theory in curved spaces, string theory, black hole physics, statistical mechanics and cosmology [40] - [41] . In quantum field theory in curved spaces, it is required to include the backreaction of the quantum fields to the spacetime geometry itself
Cai et al. [42, 43] have been presented the (charged) black hole solutions in the gravity with conformal anomaly in flat and AdS space, whose thermodynamic quantities were also investigated in the same papers. In this paper, we would like to focus our attention on the critical behavior of the black hole with conformal anomaly in AdS space. As pointed out in Ref [42] , the solution of the black hole with conformal anomaly reduces to
where Q 2 = 8πG(q 2 1 + q 2 2 ), q 1 is interpreted as U (1) charge of some conformal field theory and q 2 is the charge of Maxwell field. Note that this solution (Eq. (2)) is similar with the form of the Reissner-Nordström-AdS black hole solution. The integration constant q 1 in the solution is nothing but a "dark radiation" term which cannot be excluded. However, under this condition, q 1 is undistinguished from the electric charge of the electric field. So only the charge (q 2 ) of the Maxwell field left. Until now, P − V critical behaviors of the RN-AdS black hole has been analyzed in [5] . What about the role that the conformal anomaly term plays in phase transition ? It is interesting to discuss. We will find that no phase transition happens for k = 0 or -1; when the charge q 1 of conformal field and the coefficient α satisfy a certain relation, the Van der Waal like phase transition for the spherical black hole can occur when the temperature is lower than the small critical temperature or higher than the large one. This paper is organized as follows. In Sec. II, we present the phase transition of the conformal anomaly corrected black holes. The Sec. IV is devoted to the closing remarks.
II. CONFORMAL ANOMALY CORRECTED BLACK HOLE SOLUTION IN ADS

SPACETIMES
The static, spherically symmetric black hole solution in Einstein-Maxwell gravity theory with conformal anomaly has been presented by [21] 
where the integration constants M is nothing but the mass of the solution while q 1 should be interpreted as U (1) charge of some conformal field theory and q 2 is the charge of Maxwell field.
The parameterα is defined asα = 8πGα 1 and α 1 is a positive constant related to the content of the conformal field theory. Moreover, dΩ 2 2k is the line element of a two-dimensional Einstein constant curvature space with scalar curvature 2k. Here the constant k characterizes the geometric property of hypersurface and takes values k = 0 (flat), k = −1 (negative curvature) and k = 1 (positive curvature).
In terms of horizon radius r + , the mass M of black hole reads as
The Hawking temperature T can be derived as
We try to obtain the black hole entropy S by employing the first law of black hole thermodynamics with
Here S 0 is an integration constant, which unfortunately we cannot fix because of the existence of the logarithmic term.
Here we discuss the critical behavior of black holes in the extended phase space, where the cosmological constant Λ is identified with thermodynamic pressure P ,
in the geometric units G N = = c = k = 1. Then we find that those thermodynamic quantities satisfy the following differential form
where V and Φ denote the thermodynamic volume and electric potential (chemical potential) with
By the scaling argument, we can obtain the generalized Smarr relation
III. CRITICAL BEHAVIORS OF CONFORMAL ANOMALY CORRECTED BLACK HOLES IN ADS SPACETIMES
With Eqs. (6)(8), the equation of state P (V, T ) is obtained
To make contact with the Van der Waals fluid equation in 4-dimensions, translating the "geometric" equation of state to physical one by identifying the specific volume v of the fluid with the horizon radius of the black hole as v = 2r + .
We know that the critical points are determined as the inflection in the P − r + diagram, as
Then we can obtain the critical temperature
and the equation for the critical horizon radius r c (specific volume v c = 2r c ) is
where r c denotes the critical value of r + . Obviously the critical temperature T c (Eq. (15)) is negative for k = 0, and then the Van de Waals like SBH/LBH phase transition does not happens.
So, we only explore the cases of k = −1 and k = 1.
For k = −1, the root of Eq. (16) is given by
in case of Q 2 ≥ 8α or Q 2 ≤ 8α 3 . Furthermore, the positivity of r 2 c makes the condition Q 2 ≤ 8 3α to be satisfied for the "+" branch and the condition 2α < Q 2 ≤ 8α 3 for the "−" branch. Considering the different branch of r 2 c when Q andα are located in corresponding region, however, we find that the critical temperature T c (Eq. (15)) always maintains negative, and then the Van der Waals like SBH/LBH phase transition does not happen for the hyperbolic black hole.
k = +1
From Eq. (16), we can obtain
Here we only take "−" branch when Q 2 ≥ 8α and positive one with "+" branch for Q 2 ≥ 8α or Q 2 < 2α because of r c > 0. In other words, Eq. (16) could admit two solutions of r c if taking Q 2 ≥ 8α, while only admits one positive root when Q 2 < 2α.
Then, we can also continue to discuss the critical temperature T c (Eq. (15)) and pressure P c (Eq. (13)), and find that the values of T c and P c are positive in case of Q 2 ≥ 8α, which implies there exist two critical points. Nevertheless, T c and P c always take negative values when Q 2 < 2α.
We plot the P − r + isotherm diagram of the spherical black hole in Fig.1(a) and Fig.2(a) , which depict respectively the critical behavior near the critical point 1 (the "+" branch) and the critical point 2 (the "−" branch). We can find that these two diagrams are exactly the same as the P − V diagram of the Van der Waals liquid-gas system. For Q 2 > 8α, Fig.1a shows that the two upper dashed lines correspond to the "idea gas" phase behavior when T > T c1 , and the Van de Waals like SBH/LBH phase transition appears in the system when T < T c1 . While in Fig. 2a , For a fixed temperature higher than the critical one T c2 , we have two branches whose pressure decreases as the increase of horizon radius, one is in the small radius region (corresponding to fluid phase) and the other is in the large radius region (corresponding to the gas phase). However, the black holes are always in the gas phase and no phase transition happens behind the critical temperature T c2 . and the Van de Waals like SBH/LBH phase transition appears in the system when T > T c2 . We can also verify that the first critical temperature T c1 is lower that the second critical temperature T c2 in the region Q 2 > 8α. In addition, the behavior of free energy F is important to investigate the thermodynamic phase transition of conformal anomaly corrected black holes. In fixed a charge Q, the free energy F reads as
Here r + is understood as the function of pressure and temperature, r + = r + (P, T ), via equation of state Eq. (18) . As show in Fig. 1b and Fig. 2b , these figures develops a "swallow tail" for P < P c1
and P > P c2 , which denote a first order transition and this "swallow tail" vanishes at P c1 ≤ P and P ≤ P c2 .
IV. CRITICAL EXPONENTS NEAR CRITICAL POINT
Now we turn to compute the critical exponents α, β, γ, δ characterizing the behavior of physical quantities in the vicinity of the critical point (r + = r c , v = v c , T = T c , P = P c ) for the black hole in the gravity with conformal anomaly in four-dimension. Near the critical point, the critical behavior of a Van de Waals liquid-gas system can be characterized by the following critical exponents [5] .
where "c" denotes that a quantity is taken values at the critical point of the Van de Waals liquid-gas system.
In order to compute the critical exponent α, the entropy S of black hole (Eq. (7)) can be rewritten as
Obviously this entropy S is independent of T with the constant values of specific volume v, and then we get the critical exponent α = 0. To obtain other exponents,
we introduce the expansion parameters
then the expansion for this equation of state near the critical point is given by
We obtain all the expansion coefficients in Eq. (23) 
where ω s and ω l denote the 'volume' of small and large black holes.
In addition, using Maxwell's area law, we can obtain
With Eqs. (25)(26), the nontrivial solutions appear only when a 11 a 03 t < 0. Then we can obtain
Therefore, we have
The isothermal compressibility can be computed as
which indicates that the critical exponent γ = 1. Moreover, the shape of the critical isotherm t = 0 is given by
Evidently we can see that for critical point 1 or critical point 2, these critical exponents of the black hole in the gravity with conformal anomaly coincide with those of the Van der Waals liquid-gas system.
V. CLOSING REMARKS
In this paper we have studied the phase transition and critical behavior of 4-dimensional black hole in the gravity with conformal anomaly, where the cosmological constant is treated as a variable related to the thermodynamic pressure. For k = 0, −1, there is no critical behavior in the system.
It is interesting that for k = +1 we find under the constraint condition Q 2 > 8α, there exist two critical point in the system and two phase transitions when the temperature of the black hole monotonically varied. The crucial feature in our case is that the two phase transitions occur when the temperature is lower that the small critical temperature (T < T c1 ) and higher that the large one (T > T c2 ). Furthermore, We calculate the corresponding critical exponents of the two SBH/LBH phase transitions, and the results are in accordance with Van der Waals fluid system.
In Ref. [5] , the author found that there exists only one critical point, for 4-dimensional RN-AdS black hole with k = +1, and then the system demonstrates the Van der Waals like small/large black hole phase transition occur when the temperature is lower that the critical temperature.
Obviously, the conformal anomaly term brings richer phase structures and critical behaviors than that of RN-AdS black hole.
